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Abstract
We are given an art gallery represented by a simple polygon with n sides and an angle α ∈ (0◦,360◦]. How
many guards of range of vision α are required to monitor every point of the polygon in the worst case? After recent
results on upper bounds of this problem, we prove new lower bounds for all 0◦ < α < 180◦. Several lower bounds
meet the best known upper bounds, and we expect our lower bounds to be best possible.
Surprisingly, it turns out that n/3 180◦-guards are always enough to monitor a polygon of n sides, but if we
wish to use (180− ε)◦-guards for any ε > 0, then possibly 2n/3− 1 guards are necessary.  2002 Elsevier Science
B.V. All rights reserved.
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1. Introduction
We are studying art gallery problems where an art gallery is represented by a simple closed polygonal
domain (polygon for short) P . Guards represented by points in P should be allocated so that any point
of P is “visible” by at least one of the guards (see [7,10] or [4] for an overview).
In our model, point guards are stationed at fix locations, and every guard can monitor an angular
domain of angle α. This is a generalization of the setting considered by Chvátal [1,3] who proved that if
P is a polygon of n sides, then n/3 guards can be placed at vertices of P such that every point of P is
visible from at least one of them, and this number is the best possible.
Problem 1. Given α ∈ (0◦,360◦], what is the minimal number of guards needed to monitor any polygon
with n sides, provided all guards have a range of vision of α.
A guard of range of vision α (or α-guard as a shorthand) is a point A ∈ P and an angular domain HA
of angle α with its apex at A. A point B ∈ P is monitored by (A,HA), if AB ⊂ P ∩HA.
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Denote by f (n,α) the maximal number of α-guards required to monitor a polygon with n sides for a
fixed α ∈ [0◦,360◦]. Let
g(α)= lim sup
n→∞
f (n,α)
n
.
Problem 2. Determine g(α) for α ∈ (0◦,360◦].
It is known that g(α)= 1/3, for α ∈ [180◦,360◦] [1,8], and g(α)= 1 for α ∈ [45◦,60◦) [9]. Clearly
g(α) is monotone, and
lim
α→0◦ g(α)=∞.
In this paper, we determine lower bounds for g(α) for all α < 180◦. We expect that the values of g(α)
coincide with the lower bounds given below.
In each case, the proof is based on explicit constructions of polygons that require at least a certain
number of α-guards. In the proofs of the theorems for α ∈ [90◦,180◦) and α ∈ [60◦,90◦), we use a
combinatorial argument. The number of necessary guards is determined by placing points in the polygons
so that no pair of points can be monitored by one α-guard.
For α < 60◦, we prove lower bounds for a same polygon built of equilateral triangles. The main tool
we rely on is a result of Zs. Páles [6] based upon metric theory and analysis.
Variants of this problem were studied in [5], where the location of guards is restricted to distinct
vertices of polygons. The authors prove that k vertex guards of range of vision 180◦/k cannot monitor
every convex polygon with n vertices. (k such guards are clearly sufficient, if we do not make restrictions
on the location of guards.) The best known upper bound is n− 2, if convexity is not assumed and 180◦-
guards are located exclusively at vertices of the polygon [2]. In our model, convexity is not assumed and
guards can be placed anywhere in polygon P , even several α-guards are allowed to be placed at a same
point.
2. Lower bound for α < 180◦
In this section, we show that g(α)= 2/3 for all α ∈ [90◦,180◦). It is known that n/3 180◦-guards can
monitor a simple polygon with n sides [8]. Hence g(α) 2/3 follows from an obvious guard allocation
method: consider an optimal 180◦-guard allocation and replace every 180◦-guard by two 90◦-guards.
A lower bound of g(α) 2/3 is a straightforward consequence of the next theorem.
Theorem 1. For all n ≡ 2 mod 3, n  5, and all α < 180◦, there exists an art gallery P with n sides
that cannot be monitored by less than 2n/3− 1 α-guards.
Proof. Fix an angle β, α < β < 180◦. We give all 3 + 2 vertices of polygon P = B0C1B1C2 . . .
B−1CBAA−1 . . .A0 as follows.
The vertices Ai are located on a circle centered at O of large radius such that dist(AiAi+1) is
constant. Let C ′i be the middle point of the segment Ai−1Ai for 1  i  . Let Ci be on ray
−−→
OC ′i with
dist(C ′i ,Ci)= ε, where ε > 0 is a sufficiently small constant to be specified later. Let Bi be on −−→OAi with
constant dist(Ai,Bi) such that  C ′i−1BiC ′i = β. (See Fig. 1.)
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Fig. 1. Polygon P .
Fig. 2. Auxiliary lines and points.
Observe that  Bi−1CiBi >  Bi−1C ′iBi , because Bi−1CiBi ⊂ Bi−1C ′iBi ; and  Bi−1C ′iBi > C ′iBiC ′i+1 =
β, i.e.,  CiC ′iBi >  C ′iBiAi because points Bi and Ci are located on concentric circles. There is an ε0 > 0
such that if 0 < ε  ε0 then Ci−1 and Ci cannot see each other. Let 0 < ε  ε0.
We place 2 points R = {R−1 ,R+1 ,R−2 ,R+2 ,R−3 , . . . ,R+ } in P so that one α-guard can see at most
one of them at a time. This will prove that at least 2 guards are required to monitor P , which gives
f (3+ 2, α) 2.
Let R−i ∈CiBi−1 and R+i ∈ CiBi such that dist(Ci,R−i )= dist(Ci,R+i )= η. Let η be so small that R+i
and R−i+1 cannot see each other for ε = ε0. Now R+i and R−i+1 cannot see each other for all ε  ε0. The
points Ri are shown as empty dots in Fig. 2.
It is clear that two points R±i and R±j are not visible from any point of P if j − i > 1, since Ci and
Ci+1 do not see each other.
For all 1  i  , both R−i and R+i can be seen from points of a triangle at Ci . Note that if there is
a point Q ∈ P such that  R−i QR+i  α, then there is Q′ ∈ Ai−1Ai with  R−i Q′R+i  α (Q′ might be
the perpendicular projection of Q to Ai−1Ai). Since Q′ sees both R−i and R+i , Q is on the line segment
(Ai−1Ai ∩ −−−−→Bi−1Ci)(Ai−1Ai ∩ −−→BiCi). This segment is in an arbitrarily small neighborhood of C ′i if ε is
small enough with respect to η. No α-guard on this segment can monitor both R−i and R+i , since the
exterior angle  Bi−1C ′iBi >  Bi−1CiB ′i > β > α.
For all 1 i  − 1, both R+i and R−i+1 can be seen from points of a deltoid in AiCi+1BiCi . It is easy
to see that among all points Q ∈ P that see both R+i and R−i+1,  R+i QR−i+1 is minimized by Q=Bi . But
 R+i BiR
−
i+1 > β > α. ✷
Corollary 2. For all n  3 and α < 180◦, there exists an art gallery P of n sides that cannot be
monitored by less than 2n/3− 3 α-guards.
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Proof. For n = 3,4 the assertion is void. If n ≡ 2 mod 3, then the theorem above gives the bound. If
n ≡ 1, or 0 mod 3, then we can insert one or two additional vertices with angle 180◦ − δ to a polygon
described in the proof of Theorem 1. ✷
3. Lower bound for α < 90◦
Theorem 3. For all n≡ 1 mod 4, n  5, and all α < 90◦, there exists an art gallery P of n sides that
cannot be monitored by less than 3n/4− 1 α-guards.
Proof. Fix an angle β, α < β < 180◦. We give all 4+1 vertices of polygon P =A∗1B1C1D1A2B2C2D2
A3 . . .ABCDA
∗
+1 as follows.
Pentagons AiBiCiDiAi+1 are translates of each other for i = 1, . . . ,  . Vertices A∗1 and A∗+1 are
below the line of collinear vertices Ai (1  i   + 1) such that A∗1 ∈ A1B1, A∗+1 ∈ DA+1, and
dist(Ai,A1A+1) = ε with a sufficiently small ε > 0. Side CiDi is on the (perpendicular) bisector
of AiAi+1 for all i = 1,2, . . . , . The angles of AiBiCiDiAi+1 are  Ai+1AiBi = β,  BiCiDi =
 DiAi+1Ai = ϕ with a sufficiently small 0◦ < ϕ < 90◦ − β. (See Fig. 3.)
Note that ε can be scaled by moving the line A∗1A∗+1 closer to the line A1A+1. ϕ can be scaled by
moving the points Ci and Di so that distances dist(Ci,A1A+1) increase and distances dist(Di,A1A+1)
decrease. The two parameters ε and ϕ can be chosen independently.
We place 3 points R = {Rb1,Rc1,Rd1 ,Rb2,Rc2,Rd2 ,Rb3, . . . ,Rd } in P so that one α-guard can see at
most one of them at a time. This will prove that at least 3 guards are required to monitor P , which gives
f (4+ 1, α) 3.
Now we define auxiliary lines and points that will help placing the points of R.
– Let B ′i =−−→CiBi ∩A1A+1.
– Let D′i =−−→CiDi ∩A1A+1.
– Let di be the ray emanating from D′i making an angle β with D′iCi .
– Let si = {X ∈AiBi : ∃Y ∈ B ′iD′i ,  XYCi = β} be a segment on AiBi .
– Let Ei =−−−−→Ai+1Di ∩AiBi , and A′i =A∗1A∗ ∩−−→BiAi .
There is a constant ε0 such that if 0 < ε  ε0 then ray di hits the relative interior of AiBi , and
α <  BiA′iAi+1 < β. Let Fi =AiBi ∩ di and assume that 0 < ε  ε0.
We determine ϕ for a fixed ε0 > 0. If ϕ is small enough, then AiEi is in an arbitrarily small
neighborhood of Ai , and B ′iD′i is in an arbitrarily small neighborhood of D′i , and in turn, segment si
is in an arbitrarily small neighborhood of Fi . Let ϕ be so small that AiEi and si are disjoint.
Fig. 3. Polygon P .
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Fig. 4. Auxiliary lines and points.
Let Rdi ∈ AiBi be a point between segments AiEi ⊂ AiBi and si ⊂ AiBi . Let Rci = Ci . Let Rdi ∈
DiAi+1 in a small neighborhood of Ai+1 such that α <  BiA′iRci < β. The location of the points of R
are shown as empty dots in Fig. 4. Note that the location of R is independent of ε, it depends only on ε0
and ϕ.
First we show that an α-guard monitoring Rci cannot monitor any other point of R. If there is a point
Q ∈ P such that  Rci QRbi  α, then there is such an Q on the line segment B ′iD′i . But ϕ was chosen
so that  Rci QRbi  β for all Q ∈ B ′iD′i . Among all points Q ∈ P that see both Rci and Rdi the angle
 Rci QRdi is minimized by Q = B ′i . But  Rci B ′iRdi =  BiB ′iRdi   BiA′iRdi , and  BiA′iRdi is arbitrarily
close to  BiAiRdi > α, if ε is sufficiently small.
Next, we consider other pairs of R. Both Rbi and Rbi+1 are visible from points of a small triangle at
Ai+1, and  Rbi Ai+1Rbi+1 > 90◦. Both Rdi and Rbi+1 are visible from points of another small triangle at
Ai+1, and  Rdi Ai+1Rbi+1 > 90◦. Both Rdi and Rdi+1 are visible from a third small triangle at Ai+1, and
 Rdi Ai+1Rdi+1 > 90◦. If ε < ε0 is small enough with respect to ϕ, then these triangles are in arbitrarily
small neighborhood of Ai+1, and no α-guard can see both of these pairs of points.
It is easy to see that among all points Q ∈ P that see both Rbi and Rdi ,  Rbi QRdi is minimized by
Q=A′i . In this case,  Rbi A′iRdi > α, if ε is small enough, because  BiAiRdi > α. ✷
Corollary 4. For all n 3 and α < 90◦, there exists an art gallery P of n sides that cannot be monitored
by less than 3n/4− 4 α-guards.
Proof. For n= 3,4 the assertion is void.
If n≡ 1 mod 4, then the theorem above gives the bound. If n≡ 2,3 or 0 mod 4, then insert one, two
or three additional vertices with angle 180◦ − δ to a polygon described in Theorem 3. ✷
4. Lower bounds for α < 60◦
For all angles α < 60◦, we employ one type of polygon in the argument. Still we expect that the bound
deduced is best possible. The key tool is an analytic theorem due to Zsolt Páles [6].
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Theorem 5 [6]. Let D be a unit disk and let C be a concentric disk of radius r > 1. If {α1, α2, . . . , αk} is
a set of k angles such that k guards of range of vision α1, α2, . . . , αk , respectively, located in C monitor
the disk D, then
∑k
i=1 αi  2 · arcsin(1/r).
Corollary 6. For all α < 60◦, the equilateral triangle cannot be monitored by less than 60◦/α
α-guards.
Proof. Consider an equilateral triangle T . Let D be the maximal inscribed disk of T , and C be the
circumscribed disk of T . Suppose that k α-guards can monitor T . Consider a placement of k α-guards
monitoring T . These k α-guards are in C and monitor D. Now k · α  60◦ according to Theorem 5. ✷
Theorem 7. For all odd n  3 and α < 60◦, there exists an art gallery P with n sides for which the
number of α-guards illuminating P is at least 60◦/α(n− 1)/2.
Proof. Consider the polygon P = A∗1B1A2B2A3 . . .ABA∗+1 as shown in Fig. 5. The triangles
AiBiAi+1 are translated copies of an equilateral triangle A1B1A2 for 1 i  . Vertices A∗1 and A∗+1 are
below the line A1A+1 at distance ε with a sufficiently small ε > 0.
Consider the inscribed disks of the triangles AiBiAi+1, i = 1,2, . . . , . Scale each disk from the vertex
Bi of triangles respectively such that for the resulting disks Di , dist(Di,A2A)= η with an η > 0 small
enough.
Let η be so small that the disk of AiBiAi+1 can be seen from Ai and Ai+1 under an angle⌈60◦
α
− 1
⌉
α + 2
3
(
60◦ −
⌈60◦
α
− 1
⌉
α
)
< 60◦.
Note that parameter ε is independent of η.
For all i = 2,3, . . . , , let A−i (respectively, A+i ) be the point where the line tangent to Di (respectively
to Di−1) through Ai intersects A∗1A∗+1 (see Fig. 6).
Observe that a disk Di (some points of Di) is visible in P from pentagon A−i AiBiAi+1A+i+1. If ε is
small enough, then A−i and A+i are in an arbitrarily small neighborhood of Ai . Let ε be so small that disk
Di ⊂AiBiAi+1 is visible from A−i and A+i+1 under an angle⌈60◦
α
− 1
⌉
α + 1
3
(
60◦ −
⌈60◦
α
− 1
⌉
α
)
< 60◦.
(Here the visibility of Di is considered in the plane, not in P .)
Fig. 5. Polygon P .
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Fig. 6. Auxiliary disks, lines, and points.
Both Di and Di+1 are visible from triangle A−i+1Ai+1A+i+1. If ε is small enough, then an α-guard in
A−i+1Ai+1A
+
i+1 cannot see both Di and Di+1. Now every α-guard monitors part of at most one disk Di , it
is enough to prove that the number of α-guards required to monitor a disk Di is at least 60◦/α.
We can repeat the argument of the previous corollary. Suppose that k α-guards can monitor Di .
Consider and fix a placement of k such α-guards.
For the disk Di , let Ci be a concentric disk with A−i and A+i+1 on its boundary. Ci contains pentagon
A−i AiBiAi+1A
+
i+1. Now, according to Theorem 5,
k · α 
⌈60◦
α
− 1
⌉
α+ 1
3
(
60◦ −
⌈60◦
α
− 1
⌉
α
)
.
That is k · α > 60◦/α− 1α, and k  60◦/α . ✷
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